Abstract-Numerical modeling of cylindrical semiconductor nano-lasers has been undertaken accommodating local gain variations in the active region of the device. Analysis is performed using both the cylindrical transfer matrix method and the finite element method. Calculations have thereby been performed of the modal gain and the lasing condition for the device. The model has been applied to annular active core structures and a comparison has been made of the requirements for achieving lasing via the excitation of TE 01 and TM 01 modes. For representative structures, it is shown that TE and TM mode lasing can be supported in devices having cavity lengths in the order of 1 and 60 µm, respectively.
I. INTRODUCTION
A DVANCES in semiconductor laser technology have been pursued with a view to the implementation of integrated photonic components. In this context a specific challenge is to design and fabricate ultra-compact semiconductor lasers amenable to high-density photonic integration. Crucial issues in this regard are the identification of structures which enable effective light confinement and thereby enable lasing in nanoscale cavities.
The design process for advanced laser structures is reliant on accurate modeling of the physical processes underpinning the operational characteristics of candidate semiconductor nanolaser designs. Moreover the drive towards miniaturization relies on the utilization of novel structural features. In general the modeling of such aspects requires the adoption of numerical techniques in order to provide accurate predictions of the behaviour of proposed nano-lasers.
A variety of nano-scale lasers have been explored in recent years, including: micropost [1] nanopillar and bowtie [2] - [4] , Fabry-Perot [5] , nanowire [6] , spaser-based [7] , and nano patch [8] lasers. Cylindrical semiconductor metal-clad nano-lasers offer an improvement to the confinement loss and modal gain for such applications. Some improvements can be made through the optimization of the geometry and materials and by reducing structural imperfections. However the lower limit for optical losses is imposed by the physical properties of the metal and can only be balanced by introducing optical gain into the structure.
Numerical analysis of metal-clad nano-lasers has been developed e.g., by Maslov et al. who studied the GaAs nanowires surrounded by an infinitely thick silver (Ag) cladding as a means to effect size reduction of cylindrical nanowire lasers [9] ; Vivek et al. investigated the effect of metal cladding on the coupling of modes emphasizing their mode confinement and loss characteristics [10] . Recent numerical studies give insight into the gain properties for a uniform core structure [11] , [12] . In a previous publication, we have determined the lasing condition for a two layer active core model. The core was divided into inner and outer core with variation in the material gain is only considered in the outer core region [13] .
For the work presented here we consider a more realistic model with material gain variation in the core, of prescribed optical properties and of specifically defined optical gain. In that context, a numerical model that emulates a cylindrical metal-clad nano-laser using cTMM (cylindrical transfer matrix method) has been used for this work. The technique used follows that of Yeh and Yariv [14] , [15] which studied passive distributed Bragg fibers. The advantage of this approach is that it is a simple and straightforward way to analyse waveguide structures. Specifically it requires less computational time compared to techniques such as Finite Element Method (FEM) and Finite Difference Time Domain (FDTD). In contrast, the aim of the present work is to explore the lasing conditions for TE and TM mode of metal-clad nano-lasers by incorporating annular core geometry.
The HE 11 , TM 01 and TE 01 are the lowest order modes supported by the nanolaser structure considered here. The TE 01 mode is mostly confined in the core because of the metal cladding. High confinement factor which can exceed unity has been reported [16] resulting in high modal gain. Also the group velocity reduces, allowing the modal gain to exceed the material gain [17] . The TM 01 and HE 11 modes are known as the Surface Plasmon Polariton (SPP) modes [18] - [20] which are less confined to the core. We may identify two kinds of TM 01 SPP modes: core-metal surface guided modes and air-metal surface guided modes [21] , [22] . The modes guided at the air-metal interface are known as long range surface plasmon modes (considered in this work) which are of much practical interest. On the other hand the core-metal surface guided modes experience high losses and may have reduced applications potential and is therefore not considered here.
The TM 01 air-metal mode has a higher gain than the HE 11 mode [11] . Hence here work is undertaken on TE 01 and TM 01 air-metal modes.
Such nano-lasers are anticipated to exhibit enhanced dynamical performance which may arise from a combination of physical factors including enhanced modal refractive indices and Purcell cavity-enhanced spontaneous emission. However in complementary work [23] on the dynamical performance of metal-clad nano-lasers it was shown by means of a simple analysis that the direct-current modulation bandwidth of such lasers may suffer deleterious effects due to those factors.
In order to bench mark the laser performance we have examined the operating conditions for the low order TE 01 and air-metal TM 01 SPP mode which have the potential to lase [11] . The TM 01 is a lossy mode as it is guided mostly in the air-metal interface rather in the core active region, where the TE 01 mode resides mostly in the core. The potential advantage of TM 01 mode in metal-clad nanolasers is reduced cross-coupling between closely spaced devices on a photonic integrated circuit [10] .
The approach adopted is to take into account the spatial profile of the optical gain as a means both for optimizing lasing operation and as a step towards a fully self-consistent theoretical 2D model of such structures. The paper is organized as follows. Firstly, the laser structure is discussed and the mode calculation technique is given. Results using the methodology are then presented. Finally, conclusions are drawn from those results.
II. LASER STRUCTURE AND 2D MODEL
The structure under consideration is a cylindrical annular core metal-clad nano-laser. In previous work such a structure has been studied assuming a uniform core [10] - [12] . In order to take into account spatial variations in gain in the active region of such a structure an annular core geometry is utilized. The cross-section of such a structure is illustrated in Fig. 1 .
The key elements of the structure are the core semiconductor region and the metal cladding. The analysis methodology adopted here is of general application but for the work presented here it is assumed that the metal-clad structure is surrounded by air. It is straightforward to examine alternative configurations and notably the use of alternative surrounding media. Following earlier work the core semiconductor material is assumed to be In 0.53 Ga 0.47 As with a refractive index of 3.53 at the operating wavelength λ o = 1.55μm [24] . The metal cladding is taken to be gold with a refractive index of 0.52 -j10.74 [25] and the thickness of metal-clad is assumed to be 20 nm [18] .
The model which has been developed for this work allows for the definition of an arbitrary number of layers in the active layer core semiconductor region as well as in the cladding region. This utility has been developed in order to explore combinations of gain profiles and/or surrounding media. However, for the specific calculations performed here, the core semiconductor is considered to be comprised of N annular regions of radius r with differing material gains, with the index profile n in (1),
Where, N is the number of outer core annuli in the active core region. The refractive index profile of active core annuli includes a material gain profile such that,
The method of pumping in lasers determines the gain in the core active region. Experimental study of nano-lasers has been performed using the optical pumping and electrical pumping [5] - [8] . It is challenging to achieve highly doped p-n junctions in nanowires that can offer electrical excitation [10] . The work carried out here does not rely on any particular pumping method. As discussed in section III, the simulations undertaken here are applicable to any pumping which results, due to carrier diffusion, in the material gain having a Gaussian profile. Therefore, for an In 0.53 Ga 0.47 As core with gain included (g core ) the index profile for N annuli becomes,
Where, γ o is the propagation constant in free space, n metal and n air is the refractive index of gold and air respectively and t m is the thickness of metal cladding. λ o is the wavelength of propagation.
III. GAIN PROFILE
To evaluate the overall modal gain of the lower order TE mode and TM SPP mode, we represent the material gain profile in the active region using (3). As indicated in the previous sub-section the simulations described here assume that, due to the diffusion of carriers, the material gain profile has a Gaussian distribution [26] .
Where, g p is the peak material gain, and g core varies along the radius of the core 0 ≤ r ≤ r N and σ is the carrier diffusion length.
As shown in Fig. 2 , the material gain varies along the radius of the core. For spatial profiling of the material gain, the core is divided into N layers. The gain in each layer is evaluated as an average of the values of the material gain at their respective boundaries, such that using (3) we have:
The overall modal gain, G is evaluated using (4):
Where, I m(n ef f ) is the imaginary part of the effective refractive index of the mode.
IV. WAVEGUIDE ANALYSIS TECHNIQUE
In this section we introduce the cTMM for the cylindrical annular core metal-clad nano-laser, which is used to compute the mode characteristics as well as the gain and device length to support lasing action. For eigen-mode analysis of the structure presented in Fig. 1 , we use cTMM to represent and solve the boundary conditions [14] , [15] . We consider the z axis as the direction of propagation and therefore, all field components within the cylindrical structure can be represented in the form,
Where ζ represents the field components in the structure, i.e., E z , E r , E θ , H z , H r , H θ . ω being the angular frequency and β is the mode propagation constant. The field propagates within the structure of radius r radially with angle θ along the direction of propagation z at time t.
Where, μ, are the permeability and permittivity of the medium and γ is propagation constant in the medium as in (7),
Where, γ 0 is the propagation constant in free space as in (2) . For the analysis of the structure, the transverse field component for the TM and TE mode is expressed in terms of E z and H z respectively,
Where J o and Y o are the zero order Bessel functions of the first and second kind respectively. U i , V i , W i , Q i are field amplitudes, the indices i = 1, 2, 3 . . . N, N + 1, N + 2 represents the appropriate region of the structure as shown in Fig. 3 and γ i is represented in the form of material and modal gain as in (10)
Where, Re(n i ) is the real part of refractive index of each layer, Fig. 3 . Layer interface for the annulus core structure. Where i defines the semiconductor dielectric annuli, the metal layer and the outer most cladding i.e., air.
G is the modal gain/loss, which is evaluated using the cTMM, g i is the material gain for the semiconductor core and loss for the metal. Re(n eff ) is the real part of the effective refractive index of the mode.
The boundary conditions at each interface are that E z , E θ , H z and H θ are continuous. In our approach the boundary conditions are satisfied by using a matrix A i and B i , which links the field amplitudes with adjacent layers i.e.,
For TE mode
The matrix for the TM and TE modes that links the field parameters from the first layer i.e., inner core to the outer most cladding i.e., air, can be represented as,
W air Q air = P W inner core Q inner core (14) Where M and P are formed by the matrix multiplication of the matrices
Where the boundary interface 
m T E and m T M in (17) and (18) are in the form, The elements of (19) and (20) are relatively involved expressions that are not re-produced here. In order to obtain a finite field at the centre of the inner core and a decaying field in the outer most dielectric, as shown in Fig. 4 , we require,
Hence, after applying boundary conditions using (21) in (11) and (12) 
Re-arranging (22) and (23), we have, For TM mode
Writing (24) and (25) in matrix form, we have,
We then obtain the eigen-equations by taking the determinant of the matrix in (26) and (27) equal to zero.
In this case the Eigen equation for the TM and TE mode becomes; For TM;
For TE;
The eigenvalue equations in (30) and (31) were then used to evaluate the optical gain of the TE and TM modes using the Secant Iteration Method and hence the lasing condition for the structure is determined. Simulations were performed using MATLAB.
V. RESULTS
The principal aim of this paper is to evaluate the optical gain and lasing condition using annular core geometry in a cylindrical metal-clad nano-laser. It has been noted that for the TM 01 mode the maximum gain is achieved at cut off radius [9] . On the other hand for the TE modes the gain will increase with device radius [11] . As such a comparison is made between the lower order TE and TM modes at their respective cut-off radii. For the analysis carried out here the overall radius r N of the core for the TE 01 and TM 01 mode is therefore assumed to be 250 nm and 180 nm respectively.
To evaluate the effect of spatial profiling of the material gain in the core to the overall modal gain of the structure, cTMM is used. For the gain profile in (3) a peak material gain g p = 2000cm −1 , a diffusion length σ = 400 nm [27] is used. The effect of increasing the number of layers (N) on the modal gain is examined for the gain profile as shown in Fig. 2 . The overall modal gain is evaluated using (4) . Fig. 5 shows the effect of the increasing number of layers on the evaluation of modal gain using cTMM. For a uniform core, the material gain in the core will be the average of the peak value g p to the minimum value of the material gain at r N for the gain profile defined in (3). The evaluated modal gain for a uniform core is 50cm −1 for the TE 01 mode and 8cm −1 for the TM 01 mode as shown in Fig. 5 . The lower value of the modal gain for TM 01 mode reflecting its lossy nature.
When additional layers are introduced to obtain a better approximation of the gain profile the overall modal gain increases because values of the local gain intermediate between the maximum and minimum are taken into account. For N ≥ 20 the gain remains constant as shown in Fig. 5 .
For further analysis the results obtained here are therefore carried out using N = 20. Attention is now turned to the effect of variation of diffusion length σ on the modal gain. The diffusion length of the considered semiconductor material is therefore varied from 400 nm-2000 nm [27] - [29] and the modal gain is evaluated for a peak material gain g p = 2000cm −1 . For the gain distribution considered here, an increase in the diffusion length reduces the gain variation in the core.
For diffusion lengths of order 1μm, an essentially uniform gain is obtained across the active core. The greater variation in the gain profile for smaller diffusion lengths naturally results in a reduced modal gain, as shown in Fig. 6 , for both the TE 01 and the TM 01 mode. For the considered structure, values of diffusion length (σ ) less than 1μm, material gain (carrier density) variation is taken into account. The modal gain variation becomes insignificant for σ greater than 1μm. Fig. 6 also shows that there is an increase in the modal gain for the TE 01 mode compared to that of the TM 01 mode, as TM 01 is less confined to the core as discussed above. Table I summarizes the modal gain and lasing lengths for the device parameters in the cases of diffusion lengths of 400 nm, 600 nm and 1000 nm and for a peak material gain of 2000cm −1 .
Using both cTMM and the Finite Element Method (FEM) calculations have been performed of the modal gain of the TE 01 and TM 01 modes. Here use has been made of peak material gains in the range 2000cm −1 to 6000cm −1 [24] , [30] and a diffusion length of 400 nm. Fig. 7 shows that for an overall device radius of 250 nm the TE 01 has a lower modal gain at peak material gain of 2000cm −1 and for the values of the peak material gain g p ≥ 3000cm −1 we observe higher modal gain than that of the peak material gain. It is seen from Fig. 7 that similar predictions are obtained using both the cTMM approach alter the Finite Element Method.
The mode confinement factor has been evaluated using [10] . It is observed that increasing the number of layers in the core has little effect on the calculated confinement factor which is in the range 3.1 to 3.15 for the TE 01 mode and 0.041 to 0.042 for TM 01 mode. It is pointed out that the TM 01 mode resides mostly in air rather in the core [21] , [22] as shown by the optical field of TM 01 and TE 01 mode in Fig. 8 .
Guided by the results shown in Fig. 7 , attention is now given to the determination of the cavity lengths required to sustain lasing. The lasing condition depends on the modal gain, loss and the reflectivity of the laser facet. In the absence of accurate estimates of the loss, use is made of a simplified form of the lasing condition to determine the device length L, as:
there by obtaining a best-case estimate of the device length. Here, G is the modal gain and R is the reflectivity of the laser. For a conventional laser diode, the reflectivity from its facets is given by the Fresnel equation. This equation is not strictly applicable for nano lasers as the diameter of the core is smaller than the lasing wavelength and due to diffraction at the edges calculation of the modal reflectivity is quite challenging [31] .
Exact calculation of the facet reflectivities of such structures requires careful account to be taken of the precise structure and notably the presence or otherwise of surrounding metallic layers. In the present case, it is simply assumed that the facet reflectivity is determined by the change in dielectric constant between the semiconductor material and the surrounding medium assumed to be air. For the case examined here the facet reflectivity is R 0.31. Fig. 9 shows the device length for structures operating at TE 01 mode and TM 01 mode. It is remarked that due to the smaller gain achieved by the TM 01 mode, the relevant cavity lengths are very sensitive to losses. In contrast the predicted cavity lengths for the TE 01 mode are not greatly changed even when significantly higher waveguide losses are taken into account.
It is observed that as the peak material gain increases the length of the device decreases. Furthermore as the mode becomes more confined inside the core the modal gain is enhanced thus reducing the device length required to achieve lasing. Recent experimental results show that in InGaAs-based nanolasers TE mode lasing can be achieved for a device length of 0.9μm [32] . Fig. 9 shows that devices supporting TE 01 and TM 01 modes having cavity lengths of order 1μm and 60μm respectively appear to have the potential to support lasing action as summarized in Table I .
VI. CONCLUSION
In summary, we have reported an investigation using both analytical and numerical techniques of the lasing characteristics of cylindrical metal-clad nano-laser. The model which has been utilized for this purpose allows for variations of the material gain in the active core to be taken into account. Analysis is performed for TE and TM modes at their respective cut off radii. It is found that for the TE 01 mode devices of lengths of order 1 μm have the potential to lase whereas for the TM 01 mode device lengths of order 60 μm are needed to achieve lasing. The model developed here provides the basis for more detailed nano-laser design and specifically is capable of extension to provide a self-consistent analysis of the waveguiding and lasing properties of such metal-clad cylindrical nano-lasers. Dr. Wang is the main inventor of the world's first 50-nm resolution whitelight nanoscope that could be potentially used for virus imaging in real time. The work, published in Nature Communications, has attracted huge public interests and media coverage including BBC, New York Times, and Daily Mail. It was awarded a first prize in a Royal Academy of Engineering Poster Competition Event in nano-engineering, invited as a feature article in Laser Focus World, and honored by the RCUK as one of 50 big ideas for the future in year 2011. 
